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Abstract 
This paper considers an SEIRS model with nonlinear incidence rate. By means of Lyapunov function and LaSalle’s 
invariant set theorem, we proved the global asymptotical stable results of the disease-free equilibrium. It is then obtai- 
ned the sufficient conditions for the global stability of the endemic equilibrium by the compound  matrix theory. In 
addition, we also study the phenomena of limit cycle of the systems with the numerical simulations. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology. 
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1. Introduction 
Mathematical models describing the population dynamics of infectious diseases have been playing an 
important role in better understanding of epidemiological patterns and disease control for a long time. Di-
sease epidemics occur in most ecological systems and hence vary in form and complexity. Recent studies 
have demonstrated that the nonlinear incidence rate is one of the key factors in epidemic models[1-4].
Moghadas[5] analyzed an SIV model with a generalized nonlinear incidence (1 )qI vI Sβ + , with  
0β > , 0v ≥  , 0 1q< ≤ , and showed the existence of bistability and various Hopf bifurcation. Yu Jin
[6] study the Hopf bifurcation and Bogdanov-Takens bifurcation of an SIRS model with nonlinear incide- 
nce rate  
1(1 )kI vI Sβ −+ , 0β > , 0v > , and 2k = .
In this paper we would like to continue their work and investigate the following SEIRS model: 
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(1 ) ,
(1 ) ,
,
,
S B dS I vI S rR
E I vI S E dE
I E dI I
R I dR rR
β
β θ
θ α
α
′ = − − + +⎧
⎪ ′ = + − −⎪⎨ ′ = − −⎪
⎪ ′ = − −⎩
(1)
Where the derivative d dt  is denoted by ′. 0B > , 0d >  denote the recruitment rate and the natural 
death rate of the population respectively. The positive parameter θ  is the rate at which the exposed ind- 
ividuals become infective. Assume susceptible individuals will be infective after contacting with  
infective ones and infective ones recover from the disease wih temporary immunity and then return to the 
susceptible class when losing immunity. The parameter r is the rate that recovered individuals lose 
immunity and return to the susceptible class. The population of size N  is divided into four homogeneous 
classes: the susceptible ( )S t , the exposed (in the latent period) ( )E t , the infective ( )I t , and the 
recovered ( )R t . Thus the total population size N  implies N B dN′ = − . Therefore  
0limsup ( ) /t
N t N B d
→∞
= = .                                                            (2)
 In this paper, we assume the population is in equilibrium and investigate the behavior of the system 
on the plane 0S E I R N+ + + = , So (1) becomes  
( ) / ( ) (1 ) ( ),
(1 ) ,
,
S B d r d d r S I vI S r E I
E I vI S E dE
I E dI I
β
β θ
θ α
′ = + − + − + − +⎧⎪ ′ = + − −⎨
⎪ ′ = − −⎩
                              (3)
From biological considerations, we study systems (3) in the closed set: 
3
0{( , , ) | 0 }T S E I R S E I N+= ∈ ≤ + + ≤ ,
where 3R+  denotes the non-negative cone of 
3R  including its lower-dimensional faces. 
2. Equilibria and global stability 
It is easy to visualize that the system (3) always has a disease-free equilibrium 0 ( / ,0,0)P B d . The 
Jacobian matrix of (3) at an arbitrary point ( , , )P S E I  takes the form: 
        
(1 ) ( ) (1 2 )
( ) (1 ) ( ) (1 2 )
0
I vI d r r S vI r
J P I vI d S vI
d
β β
β θ β
θ α
− + − + − − + −⎡ ⎤
⎢ ⎥= + − + +⎢ ⎥
⎢ ⎥− −⎣ ⎦
                                           (4)
Theorem 2.1. If 0 1R < ,  the disease-free equilibrium 0P  is locally asymptotically stable, where  
0 0 / (( )( ))R N d dθβ θ α= + + .
Proof. To analyze the stability of (3), we calculate the characteristic equation of J(P) at 0P  as follows:   
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                                          2( )[ ( 2 )d r dλ λ θ α λ+ + + + + + 0( )( )(1 )] 0d d Rθ α+ + − =         (5) 
The stability of 0P  is equivalent to all eigenvalues of (5) being with negative real parts, which can be 
guaranteed by 0 1R < . Consequently, the disese-free equilibrium is local asymptotical stability. 
Theorem 2.2. If 01 1R ≤ , the disease-free equilibrium 0P  is globally asymptotically stable, where  
2
01 0 0 0(1 ) / (4 )R R vN vN= + .
Proof. Consider the function ( )L E d Iθ θ= + + , Its derivative along the solutions to the system (3) is 
[ (1 ) ( )( )]L I vI S d dβθ θ α′ = + − + + ≤ 0[ (1 )( ) ( )( )]I vI N I d dβθ θ α+ − − + +
01( )( ) ( 1) 0d d I Rθ α= + + − ≤ .
Furthermore, 0L′ =  only if 0I = . The maximum invariant set in {( , , ) : 0}S E I T L′∈ =  is the sing- 
leton 0{ }P . The global stability of 0P  when 01 1R ≤  follows from LaSalle’s Invariance Principle[9].
Theorem 2.3. System (3) has a unique endemic equilibrium  * * * *( , , )P S E I  if 0 1R > .
Proof. Let the right side of each of the three differential equations equal to zero in system (3), we obtian  
* * *
2
2 1 0( ( )( )(1 )) 0I a I a I d d Rα θ+ + + + − = ,
where 2 / ( ),a v v d rθβ αθβ= + + 1 0( ) / ( )a d d r vNθβ β α αθβ θβ= + + + + − , So we can easi- 
ly see that system (3) has a unique endemic equilibrium.  
In the following, using the geometrical approach of Li and Muldowney in [10], we obtain sufficient 
conditions that the equilibrium is globally asymptotically stable. Denote the interior of T  by T
o
.
Theorem 2.4. The unique endemic equilibrium *P of (3) is globally asymptotically stable in T
o
, when 
0 1R >  and 02 1R < , where 02 0 0 0max{( ) / , ( ) / ( ( ))}R d vR r d R N d rθ β θ β= + + + .
Proof.  Since 0 1R > , namely 0P  is unstable. We can easy see that system (3) satisfies the assumptions 
1( )H  and 2( )H (see [10]) in the interior of its feasible region T .The unique equilibrium is local 
asymptotically stable by using simple calculation.  
Let ( , , )x S E I=  and let ( )f x denote the vector field of (3). Where  
11
[2]
11
(1 2 ) (1 2 )
( )
0 (1 ) 2
J S vI S vI r
J P J r
I vI d
β β
θ α θ
β α θ
+ + +⎡ ⎤
⎢ ⎥= − + −⎢ ⎥
⎢ ⎥+ − − −⎣ ⎦
, 11 (1 ) (2 )J I vI d rβ θ= − + − + + ,
Set the function  
( ) ( , , ) (1, / , / )P x P S E I diag E I E I= = ,
Then the matrix 1 [2] 1fB P P PJ P
− −= + can be written in block form 2 2( )ijB B ×= , where 
11 11B J=  , ( )21 / 0B E Iθ ′= ， ( )12 (1 2 ) / ( (1 2 ) ) /B SI vI E S vI r I Eβ β= + + + ,
11
22
/ /
(1 ) / / (2 )
E E I I J r
B
I vI E E I I d
α θ
β α θ
′ ′− + − + −⎛ ⎞= ⎜ ⎟′ ′+ − − + +⎝ ⎠
,
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Let ( , , )u v w  denote the vectors in 
3
23R R
⎛ ⎞⎜ ⎟⎝ ⎠≅ , we select a norm in 3R as
( , , ) max{ , }u v w u v w= +
and let ρ  denote the Lonzinskii measure with respect to this norm. Using the method of estimating ρ  in 
[11], we have 1 2( ) sup( , )B g gρ ≤ , where 1 1 11 12( )g B Bρ= + , 2 21 1 22( )g B Bρ= + , 12B 、 21B
are matrix norms with respect to the 1l  vector norm, and 1ρ denotes the  Lonzinskii measure with respect 
to 1l  norm. More specifically, 1 11 11( )B Bρ = , 21 /B E Iθ= , and 12 ( (1 2 ) ) /B S vI r I Eβ= + + .
Rewriting system (3), we have / /E I I I dθ α′= + + . Therefore,  
1 / ( ) (1 ) ( 1) /g E E r d I vI rI vSI Eβ β′= − + − + + + , 2 / ( )g E E r d′= − + .
Direct calculations shows that / / ( )I E dθ α→ + . Since 02 1R < , thus there is m d r= + . From 
this we have 1 2( ) sup( , ) /B g g E E mρ ′≤ ≤ −  for t t> . Along each solution 0( , )x t x  to system (3) 
such that 0x K∈ , where K  is the compact absorbing set, we thus have 
0 0
1 1 ( ) 1
( ) log ( )
( )
t tE t t t
B ds B ds m
t t E t t t
ρ ρ −≤ + −∫ ∫ ,
Which implies 2 / 2 0q m≤ − < , this completes the proof. 
Now, we discuss limit cycle for the system of equations (3). For the parameter values[12]
11.7B = , 05.0=d , 0.1β = , 1θ = , 0.5r = , 0.5α = ,
When 1v = , there exists a limit cycle near the equilibrium point * (5.7045,5.1115,9.2936)P . The 
phase portrait of system (3) using Matlab software is shown in Figure1  
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Figure 1. Phase portrait of system (3) with 1v =
3. Conclusion 
In this paper we discuss an SEIRS epidemic model with varying population size and infectious force 
in the latent and vaccination strategy towards susceptible individuals, too. The vaccine effectiveness is 
also taken into account. We investigate the global dynamics of the reduced proportional system. If 
01 1R ≤ , the disease-free equilibrium 0P  is globally asymptotically stable. The unique endemic equilibr- 
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ium *P of the system (3) is globally asymptotically stable inT
o
, when 02 1R <  and 0 1R > . Without 
infectivity in latent, (1) becomes the SIR model (see [8]) . 
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